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Abstract: A plane graph is ℓ-facially k-colourable if its vertices can be coloured with k colours
such that any two distinct vertices on a facial segment of length at most ℓ are coloured differently.
We prove that every plane graph is 3-facially 11-colourable. As a consequence, we derive that
every 2-connected plane graph with maximum face-size at most 7 is cyclically 11-colourable. These
two bounds are for one off from those that are proposed by the (3ℓ+ 1)-Conjecture and the Cyclic
Conjecture.
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Coloration 3-faciale des graphes planaires
Résumé : Un graphe planaire est ℓ-facialement k-colorable s’il existe une coloration de ses sommets
avec k couleurs telle que les sommets reliés par un chemin facial de longueur au plus ℓ soient colorés
différemment. Nous démontrons que tout graphe planaire est 3-facialement 11-colorable. Par
conséquent, tout graphe planaire 2-connexe dont toutes les faces ont taille au plus 7 est cycliquement
11-colorable. Ces deux bornes sont à une couleur près celles proposées par la conjecture 3ℓ+1 et la
conjecture cyclique.
Mots-clés : coloration faciale, coloration cyclique, graphes planaires
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1 Introduction
The concept of facial colourings, introduced in [11], extends the well-known concept of cyclic
colourings. A facial segment of a plane graph G is a sequence of vertices in the order obtained
when traversing a part of the boundary of a face. The length of a facial segment is its number of
edges. Two vertices u and v of G are ℓ-facially adjacent, if there exists a facial segment of length at
most ℓ between them. An ℓ-facial colouring of G is a function which assigns a colour to each vertex
of G such that any two distinct ℓ-facially adjacent vertices are assigned distinct colours. A graph
admitting an ℓ-facial colouring with k colours is called ℓ-facially k-colourable.
The following conjecture, called (3ℓ+ 1)-Conjecture, is proposed in [11]:
Conjecture 1 (Král’, Madaras and Škrekovski) Every plane graph is ℓ-facially colourable with
3ℓ+ 1 colours.
Observe that the bound offered by Conjecture 1 is tight: as shown by Figure 1, for every ℓ≥ 1, there
exists a plane graph which is not ℓ-facially 3ℓ-colourable.
ℓ
ℓ
ℓ
Figure 1: The plane graph Gℓ = (V,E): each thread represents a path of length ℓ. The graph Gℓ is not
ℓ-facially 3ℓ-colourable: every two vertices are ℓ-facially adjacent, therefore any ℓ-facial colouring
must use |V |= 3ℓ+ 1 colours.
Conjecture 1 can be considered as a counterpart for ℓ-facial colouring of the following famous
conjecture by Ore and Plummer [12] concerning the cyclic colouring. A plane graph G is said to be
cyclically k-colourable, if it admits a vertex colouring with k colours such that any pair of vertices
incident to a same face are assigned distinct colours.
Conjecture 2 (Ore and Plummer) Every plane graph is cyclically
⌊
3∆∗
2
⌋
-colourable, where ∆∗ de-
notes the size of a biggest face of G.
Note that Conjecture 1 implies Conjecture 2 for odd values of ∆∗. The best known result towards
Conjecture 2 has been obtained by Sanders and Zhao [15], who proved the bound
⌈
5∆∗
3
⌉
.
Denote by fc(x) the minimum number of colours needed to cyclically colour every plane graph
of maximum face size x. The value of fc(x) is known for x ∈ {3,4}: fc(3) = 4 (the problem of
finding fc(3) being equivalent to the Four Colour Theorem proved in [1]) and fc(4) = 6 (see [3, 5]).
It is also known that fc(5) ∈ {7,8} and fc(6)≤ 10 [6], and that fc(7)≤ 12 [4].
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Conjecture 1 is trivially true for ℓ = 0, and is equivalent to the Four Colour Theorem for ℓ = 1.
It is open for all other values of ℓ. As noted in [11], if Conjecture 1 were true for ℓ = 2, it would
have several interesting corollaries. Besides giving the exact value of fc(5) (which would then be
7), it would allow to decrease from 16 to 14 (by applying a method from [11]) the upper bound on
the number of colours needed to 1-diagonally colour every plane quadrangulation (for more details
on this problem, consult [9, 13, 14, 11]). It would also imply Wegner’s conjecture on 2-distance
colourings (i.e. colourings of squares of graphs) restricted to plane cubic graphs since colourings of
the square of a plane cubic graph are precisely its 2-facial colourings (refer to [10, Problem 2.18] for
more details on Wegner’s conjecture).
Let f f (ℓ) be the minimum number of colours needed to ℓ-facially colour every plane graph.
Clearly, fc(2ℓ+ 1) ≤ f f (ℓ). So far, no value of ℓ is known for which this inequality is strict. The
following problem is offered in [11].
Problem 1 Is it true that, for every integer ℓ≥ 1, fc(2ℓ+ 1) = fl(ℓ)?
Another conjecture that should be maybe mentioned is the so-called 3ℓ-Conjecture proposed
in [7], stating that every plane triangle-free graph is ℓ-facially 3ℓ-colourable. Similarly as the (3ℓ+
1)-Conjecture, if this conjecture were true, then its bound would be tight and it would have several
interesting corollaries (see [7] for more details).
It is proved in [11] that every plane graph has an ℓ-facial colouring using at most ⌊ 185 ℓ⌋+ 2
colours (and this bound is decreased by 1 for ℓ ∈ {2,4}). So, in particular, every plane graph has a
3-facial 12-colouring. In this paper, we improve this last result by proving the following theorem.
Theorem 1 Every plane graph is 3-facially 11-colourable.
To prove this result, we shall suppose that it is false. In Section 2, we will exhibit some properties
of a minimal graph (regarding the number of vertices) which contradicts Theorem 1. Relying on
these properties, we will use the Discharging Method in Section 3 to obtain a contradiction.
2 Properties of (3,11)-minimal graphs
Let us start this section by introducing some definitions. A vertex of degree d (respectively at least
d, respectively at most d) is said to be a d-vertex (respectively a (≥ d)-vertex, respectively a (≤ d)-
vertex). The notion of a d-face (respectively a (≤ d)-face, respectively a (≥ d)-face) is defined
analogously regarding the size of a face. An ℓ-path is a path of length ℓ.
Two faces are adjacent, or neighbouring, if they share a common edge. A 5-face is bad if it is
incident to at least four 3-vertices. It is said to be very-bad if it is incident to five 3-vertices.
If u and v are 3-facially adjacent, then u is called a 3-facial neighbour of v. The set of all 3-facial
neighbours of v is denoted by N3(v). The 3-facial degree of v, denoted by deg3(v), is the cardinality
of the set N3(v). A vertex is dangerous if it has degree 3 and it is incident to a face of size three or
four. A 3-vertex is safe if it is not dangerous, i.e. it is not incident to a (≤ 4)-face.
Let G = (V,E) be a plane graph, and U ⊆ V . Denote by G3[U] the graph with vertex set U
such that xy is an edge in G3[U] if and only if x and y are 3-facially adjacent vertices in G. If c is
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a partial colouring of G and u an uncoloured vertex of G, we denote by Lc(u) (or just L(u)) the set
{x ∈ {1,2, . . . ,11} : for all v ∈ N3(u),c(v) 6= x}. The graph G3[U] is L-colourable if there exists a
proper vertex colouring of the vertices of G3[U] such that for every u ∈ U holds c(u) ∈ L(u).
The next two results are used by Král’, Madaras and Škrekovski [11]:
Lemma 1 Let v be a vertex whose incident faces in a plane graph G are f1, f2, . . . , fd . Then
deg3(v)≤
(
d
∑
i=1
min(| fi|,7)
)
− 2d,
where | fi| denotes the size of the face fi.
Suppose that Theorem 1 is false: a (3,11)-minimal graph G is a plane graph which is not 3-facially
11-colourable, with |V (G)|+ |E(G)| as small as possible.
Lemma 2 Let G be a (3,11)-minimal graph. Then,
(i) G is 2-connected;
(ii) G has no separating cycle of length at most 7;
(iii) G contains no adjacent f1-face and f2-face with f1 + f2 ≤ 9;
(iv) G has no vertex whose 3-facial degree is less than 11. In particular, the minimum degree of G
is at least three; and
(v) G contains no edge uv separating two (≥ 4)-faces with deg3(u)≤ 11 and deg3(v)≤ 12.
In the remaining of this section, we give additional local structural properties of (3,11)-minimal
graphs.
Lemma 3 Let G be a (3,11)-minimal graph. Suppose that v and w are two adjacent 3-vertices of
G, both incident to a same 5-face and a same 6-face. Then the size of the third face incident to w is
at least 7.
Proof. By contradiction, suppose that the size of the last face incident to w is at most 6. Then, ac-
cording to Lemma 1, we infer that deg3(v)≤ 12 and deg3(w)≤ 11, but this contradicts Lemma 2(v).

A reducible configuration is a (plane) graph that cannot be an induced subgraph of a (3,11)-
minimal graph. The usual method to prove that a configuration is reducible is the following: first,
we suppose that a (3,11)-minimal graph G contains a prescribed induced subgraph H. Then we
contract some subgraphs H1,H2, . . . ,Hk of H. Mostly, we have k ≤ 2. This yields a proper minor G′
of G, which by the minimality of G admits a 3-facial 11-colouring c′. The goal is to derive from c′ a
3-facial 11-colouring c of G, which would give a contradiction. To do so, each non-contracted vertex
v of G keeps its colour c′(v). Let hi be the vertex of G′ created by the contraction of the vertices
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of Hi: some vertices of Hi are assigned the colour c′(hi) (in doing so, we must take care that these
vertices are not 3-facially adjacent in G). Last, we show that the remaining uncoloured vertices can
also be coloured.
In other words, we show that the graph G3[U] is L-colourable, where for each u ∈U, L(u) is the
list of the colours which are assigned to no vertex in N3(u)\U (defined in Section 1) and U is the
set of uncoloured vertices. In most of the cases, the vertices of U will be greedily coloured.
In all figures of the paper, the following conventions are used: a triangle represents a 3-vertex,
a square represents a 4-vertex and a circle may be any kind of vertex whose degree is at least the
maximum between three and the one it has in the figure. The edges of each subgraph Hi are drawn
in bold, and the circled vertices are the vertices of U = {u1,u2, . . .}. A dashed edge between two
vertices indicates a path of length at least one between those two vertices. An (in)equality written
in a bounded region denotes a face whose size achieves the (in)equality. Last, vertices which are
assigned the colour c′(hi) are denoted by v, w, t if a unique subgraph is contracted or by x1,x2 for
i = 1 and y1,y2 for i = 2 if two subgraphs are contracted.
Lemma 4 Configurations in Figures 2, 3 and 4 are reducible.
Proof. Let H be an induced subgraph of G. We shall suppose that H is isomorphic to one of the
configurations stated and derive a way to construct a 3-facial 11-colouring of G, a contradiction.
L1. Suppose that H is isomorphic to the configuration (L1) of Figure 2. Denote by H1 the subgraph
induced by the bold edges. Contract the vertices of H1, thereby creating a new vertex h1. By
minimality of G, let c′ be a 3-facial 11-colouring of the obtained graph. Assign to each vertex x not
in H1 the colour c′(x), and to each of v,w, t the colour c′(h1). Observe that no two vertices among
v,w, t are 3-facially adjacent in G, otherwise there would be a (≤ 7)-separating cycle in G, thereby
contradicting Lemma 2(ii). According to Lemma 1, deg3(u1) ≤ 15, deg3(ui) ≤ 14 if i ∈ {2,3}
and deg3(ui) ≤ 11 if i ∈ {4,5}. Note that any two vertices of U = {u1,u2, . . . ,u5} are 3-facially
adjacent, that is G3[U] ≃ K5. Hence, the number of coloured 3-facial neighbours of u1 is at most
11, i.e. |N3(u1)\{u2,u3,u4,u5}| ≥ 11. Moreover, at least two of them are assigned the same colour,
namely v and w. Therefore, |L(u1)| ≥ 1. For i ∈ {2,3}, the vertex ui has at most 10 coloured
3-facial neighbours. Furthermore, at least two 3-facial neighbours of u2 are identically coloured,
namely w and t. Thus, |L(u2)| ≥ 2. Now, observe that at least three 3-facial neighbours of u3 are
coloured the same, namely v,w and t. Hence, |L(u3)| ≥ 3. For i ∈ {4,5}, the vertex ui has at most
7 coloured 3-facial neighbours. Thus, |L(u4)| ≥ 4, and because at least two 3-facial neighbours of
u5 are identically coloured (w and t), |L(u5)| ≥ 5. So, the graph G3[U] is greedily L-colourable,
according to the ordering u1,u2,u3,u4,u5. This allows us to extend c to a 3-facial 11-colouring of G.
L2. Suppose that H is isomorphic to the configuration (L2) of Figure 2. Let c′ be a 3-facial 11-
colouring of the minor of G obtained by contracting the bold edges into a single vertex h1. Let
c(x) = c′(x) for every vertex x 6= h1. Define c(v) = c(w) = c(t) = c′(h1). The obtained colouring
is still 3-facial since no two vertices among v,w, t are 3-facially adjacent in G by Lemma 2(ii).
Note that G3[U] ≃ K5. In particular, each vertex ui has four uncoloured 3-facial neighbours. By
Lemma 1, deg3(u1) ≤ 15,deg3(ui) ≤ 14 if i ∈ {2,3} and deg3(ui) ≤ 11 if i ∈ {4,5}. Moreover,
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u3
u5
t
w u2
u4
u1
v
≤ 6
(L1)
u5u4
t
u3
w
u2
u1
v
≤ 6
(L2)
u2
t
v
u1 w
u4u3
(L3)
≤ 4
w
v
u1 u2
(L4)
w′
u4 u3
w
u2u1
v
t ′t
v′
(L5)
w′
u4 u3
w t ′
u2u1 v
t
v′
(L6)
x2 y2
u1 u4 u2
≤ 4
u5
y1x1
u3
(L7)
u4 u3
v
u1
w
u5
u2
u6
t
(L8)
u1
w
u2
v
(L9)
Figure 2: Reducible configurations (L1)–(L9).
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each of u1 and u2 has at least two 3-facial neighbours coloured the same; for u1, these vertices are
w, t and for u2 they are w,v. So, there exists at least one colour which is assigned to no vertex of
N3(u1) and at least two colours assigned to no vertex of N3(u2). Also, u3 has at least three 3-facial
neighbours coloured the same, namely w, v and t, hence at least three colours are assigned to no
vertex of N3(u3). Therefore, |L(u1)| ≥ 1, |L(u2)| ≥ 2 and |L(u3)| ≥ 3. Furthermore, |L(u4)| ≥ 4 and
|L(u5)| ≥ 5 because w and t are both 3-facial neighbours of u5. So G3[U] is L-colourable, and hence
G is 3-facially 11-colourable.
L3. Suppose that H is isomorphic to the configuration (L3) of Figure 2. Contract the bold edges
into a new vertex h1, and let c′ be a 3-facial 11-colouring of the obtained graph. This colouring can
be extended to a 3-facial 11-colouring c of G as follows: first, let c(v) = c(w) = c(t) = c′(h1). Note
that no two of these vertices can be 3-facially adjacent in G without contradicting Lemma 2(ii). By
Lemma 1, deg3(u1)≤ 14, deg3(u2)≤ 13 and for i∈ {3,4}, deg3(ui)≤ 12. Observe that G3[U]≃K4.
Moreover, each of u1,u2,u3 has a set of two 3-facial neighbours coloured by c′(h1). These sets are
{w, t}, {w,v} and {v, t} for u1,u2 and u3, respectively. Thus, |L(u1)| ≥ 1, |L(u2)| ≥ 2 and |L(u3)| ≥ 3.
Also |L(u4)| ≥ 4 because u4 has at least three identically coloured 3-facial neighbours, namely v,w
and t. Hence, G3[U] is L-colourable, so G is 3-facially 11-colourable.
L4. Let c′ be a 3-facial 11-colouring of the graph obtained by contracting the bold edges into a new
vertex h1. Define c(x) = c′(x) if x /∈ {v,w,u1,u2} and c(v) = c(w) = c′(h1). Observe that v and w
cannot be 3-facially adjacent in G since G has no small separating cycle according to Lemma 2(ii).
By Lemma 1, deg3(u1) ≤ 12 and deg3(u2) ≤ 11. Furthermore, both u1 and u2 have two 3-facial
neighbours identically coloured, namely v and w. Moreover, u1 and u2 are 3-facially adjacent, hence
|L(u1)| ≥ 1 and |L(u2)| ≥ 2. Therefore, c can be extended to a 3-facial 11-colouring of G.
L5. First, observe that since G is a plane graph, if v∈ N3(t) then v′ /∈N3(t ′). So, by symmetry, we
may assume that v and t are not 3-facially adjacent in G. Now, contract the bold edges into a new
vertex h1. Again, denote by c′ a 3-facial 11-colouring of the obtained graph, and define c to be equal
to c′ on all vertices of V (G) \ {v,w, t,u1,u2,u3,u4}. Let c(v) = c(w) = c(t) = c′(h1). Note that the
partial colouring c is still 3-facial due to the above assumption. The graph G3[U] is isomorphic to K4,
and according to Lemma 1, deg3(ui)≤ 12 for all i ∈ {1,2,3,4}. Moreover, for i ∈ {2,3}, the vertex
ui has at least two 3-facial neigbhours that are coloured the same, namely v and w. Last, the vertex
u4 has at least three such 3-facial neighbours, namely v, w, t. Therefore, |L(u1)| ≥ 2, |L(ui)| ≥ 3 for
i ∈ {2,3} and |L(u4)| ≥ 4. So, G3[U] is L-colourable, and hence G is 3-facially 11-colourable.
L6. The same remark as in the previous configuration allows us to assume that t /∈ N3(v). Again,
the graph obtained by contracting the bold edges into a new vertex h1 admits a 3-facial 11-colouring
c′. As before, define a 3-facial 11-colouring c of the graph induced by V (G) \U. Then, for every
i ∈ {1,2,3,4},deg3(ui) ≤ 12 and G3[U] ≃ K4. Thus, |L(u1)| ≥ 2 and |L(u2)| ≥ 2. Remark that
u3 has at least two identically coloured 3-facial neighbours, namely v and w, so |L(u3)| ≥ 3. Last,
the vertex u4 has at least three such neighbours, hence |L(u4)| ≥ 4. Therefore, the graph G3[U] is
L-colourable, and so the graph G admits a 3-facial 11-colouring.
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L7. Let H1 be the path x1u3u5x2, H2 the path y1u2u4u1y2 and c′ a 3-facial colouring of the graph
obtained from G by contracting each path Hi into a vertex hi. Notice that c′(h1) 6= c′(h2). For
every v /∈ V (H1)∪V (H2), let c(v) = c′(v). Observe that x1 and x2 cannot be 3-facially adjacent
in G, otherwise G would have a separating (≤ 7)-cycle, contradicting Lemma 2(iii). Note that
the same holds for y1 and y2; therefore defining c(x1) = c(x2) = c′(h1) and c(y1) = c(y2) = c′(h2)
yields a partial 3-facial 11-colouring of G, since c′(h1) 6= c′(h2). It remains to colour the vertices
of U = {u1,u2, . . . ,u5}. Note that G3[U] ≃ K5. According to Lemma 2(ii), deg3(u1) ≤ 15 and
deg3(ui)≤ 12 if i ≥ 2. The number of coloured 3-facial neighbours of u1, i.e. its number of 3-facial
neighbours in V (G)\{u2,u3,u4,u5}, is at most 11 because each ui with i ≥ 2 is a 3-facial neighbour
of u1. Furthermore, u1 has two 3-facial neighbours coloured with the same colour, namely x1 and
x2. Hence, |L(u1)| ≥ 1. The vertex u2 has four uncoloured 3-facial neighbours, so |L(u2)| ≥ 3. For
i ∈ {3,4}, the vertex ui has at least two 3-facial neighbours coloured the same, namely x1,x2 for
u3, and y1,y2 for u4, so |L(ui)| ≥ 4. Finally, observe that u5 has two pairs of identically coloured
3-facial neighbours; the first pair being x1,x2 and the second y1,y2. Thus, |L(u5)| ≥ 5, hence the
graph G3[U] is L-colourable, which yields a contradiction.
L8. We contract the bold edges into a new vertex h1, take a 3-facial 11-colouring of the graph
obtained, and define a 3-facial 11-colouring c of V (G)\U as usual. By Lemma 1, deg3(ui) ≤ 15 if
i ∈ {1,2}, deg3(ui) ≤ 12 if i ∈ {3,4,5} and deg3(u6) ≤ 11. Moreover, G3[U] ≃ K6. As v,w and t
are coloured the same, and {v,w} ⊂ N3(ui) for i ∈ {2,5}, {w, t} ⊂ N3(u4) and {v, t} ⊂ N3(u5), we
obtain |L(ui)| ≥ i for every i ∈ {1,2,3,4,5,6}. Thus, the graph G3[U] is L-colourable, and hence G
admits a 3-facial 11-colouring.
L9. We contract the bold edges into a new vertex, take a 3-facial 11-colouring of the graph ob-
tained, and define a 3-facial 11-colouring of V (G) \U as usual. Then, G3[U] ≃ K2. Moreover,
deg3(u1) ≤ 12 and deg3(u2) ≤ 11. Furthermore, {v,w} ⊂ N3(ui) for i ∈ {1,2}. Thus, we infer
|L(ui)| ≥ i for i ∈ {1,2}. Therefore, G3[U] is L-colourable.
L10. We contract the bold edges into a new vertex, take a 3-facial 11-colouring of the graph ob-
tained, and define a 3-facial 11-colouring of V (G) \U as usual. Then, G3[U] ≃ K4. Moreover,
deg3(u1) ≤ 13, deg3(u2) ≤ 12 and deg3(ui) ≤ 11 for i ∈ {3,4}. Furthermore, {v,w} ⊂ N3(ui) for
i ∈ {1,4}. Thus, we infer |L(ui)| ≥ 2 for i ∈ {1,2}, and |L(ui)| ≥ i for i ∈ {3,4}. Therefore, G3[U]
is L-colourable.
L11. We contract the bold edges into a new vertex h1, take a 3-facial 11-colouring of the graph
obtained, and define a 3-facial 11-colouring c of V (G) \U as usual. By Lemma 1, deg3(u1) ≤ 15
and deg3(ui)≤ 11 if i ∈ {2,3,4,5}. Moreover, G3[U]≃ K5. As v and w are coloured the same, and
{v,w} ⊂ N3(ui) for i ∈ {1,4,5}, we obtain |L(u1)| ≥ 1, |L(ui)| ≥ 4 if i ∈ {2,3} and |L(ui)| ≥ 5 if
i ∈ {4,5}. Thus, the graph G3[U] is L-colourable, and hence G admits a 3-facial 11-colouring.
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u1
vu2 u4u3
w
≤ 4
(L10)
u1u4u3 u2u5
v
w
(L11)
u6u3 u4
v
u2u1
w
u5
(L12)
v
≤ 4
w
≤ 4
u2
u1
u3
u5
u4
(L13)
v
w
u4
u5
u2
u3
u1
(L14)
w
u3
u2
u1
u4
u5
v
(L15)
u3
v
w
u2
u1
t
≤ 4
u4
u5
(L16)
Figure 3: Reducible configurations (L10)–(L16).
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L12. Let c′ be a 3-facial 11-colouring of the graph G′ obtained by contracting the bold edges into
a new vertex h1. Define c(x) = c′(x) for every vertex x ∈ V (G)∩V (G′), and let c(v) = c(w) =
c′(h1). By Lemma 1, deg3(ui) ≤ 15 for i ∈ {1,2} and deg3(ui) ≤ 11 for i ∈ {3,4,5}. Moreover,
G3[U]≃ K6. Hence, |L(u1)| ≥ 1 and |L(ui)| ≥ i for i ∈ {3,4,5}. As v and w are coloured the same,
and {v,w} ⊂ N3(ui) for i ∈ {2,6}, we infer that |L(u2)| ≥ 2 and |L(u6)| ≥ 6. Thus, the graph G is
3-facially 11-colourable.
L13. Let us define the partial 3-facial 11-colouring c as always, regarding the bold edges and
the vertices v and w. From Lemma 1 we get deg3(u1) ≤ 15, deg3(ui) ≤ 12 for i ∈ {2,3,4} and
deg3(u5) ≤ 11. Moreover, since G3[U] ≃ K5 and {v,w} ⊂ N3(ui) for i ∈ {1,4,5}, we obtain
|L(u1)| ≥ 1, |L(ui)| ≥ 3 for i∈ {2,3}, |L(u4)| ≥ 4 and |L(u5)| ≥ 5. Therefore, G3[U] is L-colourable.
L14. Define the partial 3-facial 11-colouring c as usual, regarding the bold edges and the vertices
v and w. By Lemma 1, deg3(u1) ≤ 15 and deg3(ui) ≤ 11 for i ∈ {2,3,4,5}. Moreover, since
G3[U] ≃ K5 and {v,w} ⊂ N3(ui) for i ∈ {1,5}, we obtain |L(u1)| ≥ 1, |L(ui)| ≥ 4 for i ∈ {2,3,4}
and |L(u5)| ≥ 5. Therefore, G3[U] is L-colourable.
L15. Let us define the partial 3-facial 11-colouring c as always, regarding the bold edges and the
vertices v and w. Again, G3[U] ≃ K5. From Lemma 1 we get deg3(u1) ≤ 15 and deg3(ui) ≤ 11 if
i ∈ {2,3,4,5}. Moreover, since {v,w} ⊂N3(ui) for i ∈ {1,5}, we obtain |L(u1)| ≥ 1, |L(ui)| ≥ 4 for
i ∈ {2,3,4} and |L(u5)| ≥ 5. Therefore, G3[U] is L-colourable.
L16. Define the partial 3-facial 11-colouring c as always, regarding the bold edges and the ver-
tices v,w and t. Then, G3[U] ≃ K5 and deg3(ui) ≤ 15 for i ∈ {1,2}, deg3(ui) ≤ 12 for i ∈ {3,4}
and deg3(u5) ≤ 11. Moreover, notice that {v, t} ⊂ N3(ui) for i ∈ {1,4}, {v,w, t} ⊂ N3(u2) and
{v,w} ⊂ N3(u5). Thus, we obtain |L(u1)| ≥ 1, |L(u2)| ≥ 2, |L(u3)| ≥ 3, |L(u4)| ≥ 4 and |L(u5)| ≥ 5.
Therefore, G3[U] is L-colourable.
L17. Define the partial 3-facial 11-colouring c as always, regarding the bold edges and the vertices
v,w and t. Then, G3[U] ≃ K5 and deg3(ui) ≤ 15 for i ∈ {1,2}, deg3(u3) ≤ 12 and deg3(ui) ≤ 11
for i ∈ {4,5}. Moreover, notice that {v, t} ⊂ N3(ui) for i ∈ {1,5}, {v,w, t} ⊂ N3(u2) and {v,w} ⊂
N3(u3). Thus, we obtain |L(u1)| ≥ 1, |L(u2)| ≥ 2, |L(ui)| ≥ 4 for i ∈ {3,4} and |L(u5)| ≥ 5. There-
fore, G3[U] is L-colourable.
L18. Let us define the partial 3-facial 11-colouring c as always, regarding the bold edges and the
vertices v and w. Then, G3[U] ≃ K3, deg3(u1) ≤ 13 and deg3(ui) ≤ 11 for i ∈ {2,3}. Moreover,
{v,w} ⊂ N3(ui) for i ∈ {1,2,3}. Thus, we obtain |L(u1)| ≥ 1 and |L(ui)| ≥ 3 for i ∈ {2,3}. There-
fore, G3[U] is L-colourable.
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L19. Again, G3[U] ≃ K5 and deg3(ui) ≤ 15 for i ∈ {1,2} while deg3(ui) ≤ 11 for i ∈ {3,4,5}.
Furthermore, {v,w} ⊂ N3(ui) for i ∈ {1,3,4}, {v, t} ⊂ N3(u5) and {v,w, t} ⊂ N3(u2). Thus, we
deduce |L(u1)| ≥ 1, |L(u2)| ≥ 2 and |L(ui)| ≥ 5 for i ∈ {3,4,5}. Therefore, G3[U] is L-colourable.
L20. Here, G3[U] ≃ K6. Also, deg3(ui) ≤ 15 for i ∈ {1,2,3}, deg3(u4) ≤ 13 and deg3(ui) ≤ 11
for i ∈ {5,6}. Furthermore, {w, t} ⊂ N3(ui) for i ∈ {1,6}, {v,w, t} ⊂ N3(u3) and {v, t} ⊂ N3(ui)
for i ∈ {2,4}. Thus, we infer |L(ui)| ≥ 2 for i ∈ {1,2}, |L(u3)| ≥ 3, |L(u4)| ≥ 4, |L(u5)| ≥ 5 and
|L(u6)| ≥ 6. Therefore, G3[U] is L-colourable.
L21. Again G3[U] ≃ K6. Also, deg3(ui) ≤ 15 for i ∈ {1,2,3}, deg3(ui) ≤ 12 for i ∈ {4,5} and
deg3(u6) ≤ 11. Furthermore, {w, t} ⊂ N3(ui) for i ∈ {1,5}, {v,w, t} ⊂ N3(u3) and {v, t} ⊂ N3(ui)
for i ∈ {2,6}. Thus, we infer |L(ui)| ≥ 2 for i ∈ {1,2} and |L(ui)| ≥ i for i ∈ {3,4,5,6}. Therefore,
G3[U] is L-colourable.
L22. In this case, G3[U] ≃ K6. Also, deg3(ui) ≤ 13 for i ∈ {1,2,3,4} and deg3(ui) ≤ 12 for
i ∈ {5,6}. Furthermore, {v, t} ⊂ N3(ui) for i ∈ {4,5}, {v,w, t} ⊂ N3(u6) and {w, t} ⊂ N3(ui) for
i ∈ {2,3}. Thus, we infer |L(u1)| ≥ 3, |L(ui)| ≥ 4 for i ∈ {2,3,4}, |L(u5)| ≥ 5 and |L(u6)| ≥ 6.
Therefore, G3[U] is L-colourable.
L23. In this case, G3[U]≃ K3. Also, deg3(ui)≤ 12 for i ∈ {1,2,3}. Moreover, {v,w, t} ⊂ N3(ui)
for i ∈ {1,2,3}. Thus, we infer |L(ui)| ≥ 3 for i ∈ {1,2,3}. Therefore, G3[U] is L-colourable.
L24. Define the partial colouring c as always, regarding the bold edges and the vertex v. Remark
that G3[U] is isomorphic to the complete graph on four vertices minus one edge K−4 , since u1 /∈
N3(u2) (because the face has size at least 8). By Lemma 1, deg3(ui) ≤ 11 for every i ∈ {1,2,3,4}.
Thus, |L(ui)| ≥ 2 for i∈ {1,2} and |L(ui)| ≥ 3 for i∈ {3,4}. Hence, the graph G3[U] is L-colourable.
This assertion can be directly checked, or seen as a consequence of a theorem independently proved
by Borodin [2] and Erdo˝s, Rubin and Taylor [8] (see also [16]), stating that a connected graph is
degree-choosable unless it is a Gallai tree, that is each of its blocks is either complete or an odd
cycle. 
Corollary 1 Every (3,11)-minimal graph G has the following properties:
(i) Let f1, f2 be two 5-faces of G with a common edge xy. Then, x and y are not both 3-vertices.
(ii) Let f be a 7-face whose every incident vertex is a 3-vertex. If f is adjacent to a 3-face, then
every other face adjacent to f is a (≥ 7)-face.
(iii) If two adjacent dangerous vertices do not lie on a same (≤ 4)-face, then none of them is
incident to a 3-face.
(iv) Two dangerous vertices incident to a same 6-face are not adjacent.
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Figure 4: Reducible configurations (L17)–(L24).
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(v) There cannot be four consecutive dangerous vertices incident to a same (≥ 6)-face.
(vi) A very-bad face is adjacent to at least three (≥ 7)-faces.
(vii) A bad face is adjacent to at least two (≥ 7)-faces.
Proof.
(i) By Lemma 2(v), deg3(x) + deg3(y) ≥ 23. By Lemma 1, the 3-facial degree of a 3-vertex
incident to two 5-faces is at most 11. Hence at least one of x and y is a (≥ 4)-vertex.
(ii) First note that, according to Lemma 2(iii), the faces adjacent to both f and the 3-face has size
at least 7. Hence, f is adjacent to at most four (≤ 6)-faces. Now, the assertion directly follows
from the reducibility of the configurations (L1) and (L2) of Figure 2.
(iii) This follows from the reducibility of the configuration (L4) of Figure 2.
(iv) Suppose the contrary, and let x and y be two such vertices. By Lemma 2(iii), a 6-face is not
adjacent to a 3-face, hence both x and y are incident to a 4-face. Then, deg3(x) ≤ 11 and
deg3(y)≤ 11, which contradicts Lemma 2(v).
(v) Suppose that the assertion is false. Then, according to the third item of this corollary, the
graph G must contain the configuration (L5) or (L6) of Figure 2, which are both reducible.
(vi) Let f be a very-bad face. By the first item of this corollary and Lemma 3, two adjacent
(≤ 6)-faces cannot be both adjacent to f . Hence, f is adjacent to at most two such faces.
(vii) Let f be a bad face, and denote by αi, i ∈ {1,2,3,4,5} its incident vertices in clockwise order.
Without loss of generality, assume that, for every i ∈ {1,2,3,4}, αi is a dangerous vertex. For
i ∈ {1,2,3,4}, denote by fi the face adjacent to f and incident to both αi and αi+1. According
to the first item of this corollary and Lemma 3, at most two faces among f1, f2, f3, f4 can be
(≤ 6)-faces. This concludes the proof.

3 Proof of Theorem 1
Suppose that Theorem 1 is false, and let G be a (3,11)-minimal graph. We shall get a contradic-
tion by using the Discharging Method. Here is an overview of the proof: each vertex and face is
assigned an initial charge. The total sum of the charges is known to be negative by Euler’s Formula.
Then, some redistribution rules are defined, and each vertex and face gives or receives some charge
according to these rules. The total sum of the charges is not changed during this step, but at the
end we shall show, by case analysis, that the charge of each vertex and each face is non-negative, a
contradiction.
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Initial charge. First, we assign a charge to each vertex and face. For every v ∈ V (G), we define
the initial charge
ch(v) = d(v)− 4,
where d(v) is the degree of the vertex v in G. Similarly, for every f ∈ F(G), where F(G) is the set
of faces of G, we define the initial charge
ch( f ) = r( f )− 4,
with r( f ) the length of the face f . By Euler’s formula the total sum is
∑
v∈V (G)
ch(v)+ ∑
f∈F(G)
ch( f ) =−8.
Rules. We use the following discharging rules to redistribute the initial charge.
Rule R1. A (≥ 5)-face sends 1/3 to each of its incident safe vertices and 1/2 to each of its incident
dangerous vertices.
Rule R2. A (≥ 7)-face sends 1/3 to each adjacent 3-face.
Rule R3. A (≥ 7)-face sends 1/6 to each adjacent bad face.
Rule R4. A 6-face sends 1/12 to each adjacent very-bad face.
Rule R5. A (≥ 5)-vertex v gives 2/3 to an incident face f if and only if there exist two 3-faces both
incident to v and both adjacent to f . (Note that the size of such a face f is at least 7.)
We shall prove now that the final charge ch∗(x) of every x∈V (G)∪F(G) is non-negative. There-
fore, we obtain
−8 = ∑
v∈V (G)
ch(v)+ ∑
f∈F(G)
ch( f ) = ∑
v∈V (G)
ch∗(v)+ ∑
f∈F(G)
ch∗( f ) ≥ 0,
a contradiction.
Final charge of vertices. First, as noticed in Lemma 2(iv), G has minimum degree at least three.
Let v be an arbitrary vertex of G. We will prove that its final charge ch∗(v) is non-negative. In order
to do so, we consider a few cases regarding its degree. So, suppose first that v is a 3-vertex. If v is a
safe vertex, then by Rule R1 its final charge is ch∗(v) =−1+ 3 · 13 = 0. Similarly, if v is dangerous,
then ch∗(v) = −1+ 2 · 12 = 0. If v is a 4-vertex then it neither receives nor sends any charge. Thus,
ch∗(v) = ch(v) = 0.
Finally, suppose that v is of degree d ≥ 5. Notice that v may send charge only by Rule R5.
This may occur at most d/2 times if d is even, and at most ⌊d/2⌋− 1 times if d is odd (since two
3-faces are not adjacent). Thus, ch∗(v)≥ d−4−⌊d2⌋ · 23 , which is non-negative if d ≥ 6. For d = 5,
ch∗(v)≥ 5− 4− 23 > 0.
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Final charge of faces. Let f be an arbitrary face of G. Denote by fce and bad the number of
3-faces and the number of bad faces adjacent to f , respectively. Denote by sfe and dgs the number
of safe vertices and the number of dangerous vertices incident to f , respectively. We will prove that
the final charge ch∗( f ) of f is non-negative. In order to do so, we consider a few cases regarding the
size of f .
f is a 3-face. It is adjacent only to (≥ 7)-faces by Lemma 2(iii). Thus, by Rule R2, f receives 1/3
from each of its three adjacent faces, so we obtain ch∗( f ) = 0.
f is a 4-face. It neither receives nor sends any charge. Thus, ch∗( f ) = ch( f ) = 0.
f is a 5-face. Then, f is adjacent only to (≥ 5)-faces due to Lemma 2(iii). So a 5-face may send
charge only to its incident 3-vertices, which are all safe. Consider the following cases regarding the
number sfe of such vertices.
sfe≤ 3: Then, ch∗(v)≥ 1− 3 · 13 = 0.
sfe = 4: In this case, f is a bad face. According to Corollary 1(vii), at least two of the faces that
are adjacent to f have size at least 7. Thus, according to Rule R3, f receives 1/6 from at least
two of its adjacent faces. Hence, we conclude that ch∗(v)≥ 1− 4 · 13 + 2 · 16 = 0.
sfe = 5: Then f is a very-bad face, and so, according to Corollary 1(vi), at least three faces
adjacent to f have size at least 7. Moreover, all faces adjacent to f have size at least 6 by
Lemma 2(iii) and Corollary 1(i). By Rules R3 and R4, it follows that the neighbouring faces
of f send at least 4 ·1/6 to f , which implies that ch∗(v)≥ 1− 5 · 13 + 4 · 16 = 0.
f is a 6-face. By Lemma 2(iii), fce= 0. Denote by vbd number of very-bad faces adjacent to f .
The final charge of f is 2−dgs · 12 −sfe · 13 −vbd · 112 due to Rules R1 and R4.
According to Corollary 1(iv), two dangerous vertices on f cannot be adjacent so there are at
most three dangerous vertices on f . Observe also that vbd≤ sfe/2 by Corollary 1(i) and because a
very-bad face adjacent to f is incident to two safe vertices of f . Let us consider the final charge of
f regarding its number of dangerous vertices.
dgs= 3: Since a safe vertex is not incident to a (≤ 4)-face, there is at most one safe vertex incident
to f , i.e. sfe≤ 1. Thus, vbd= 0, and hence, ch∗( f )≥ 2− 3 · 12 − 13 > 0.
dgs= 2: Then, sfe≤ 3. Let us distinguish two cases according to the value of sfe.
sfe= 3: Notice that vbd= 0, otherwise it would contradict the reducibility of (L3). Hence,
ch∗( f ) ≥ 2− 2 · 12 − 3 · 13 = 0.
sfe ≤ 2: In this case, there is at most one very-bad face adjacent to f , so ch∗( f ) ≥ 2− 2 ·
1
2 − 2 ·
1
3 −
1
12 > 0.
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dgs= 1: Then, sfe≤ 4 and vbd≤ 1 because (L3) is reducible. So, ch∗( f ) ≥ 2− 12 − 43 − 112 > 0.
dgs= 0: If sfe≥ 5 then, because (L3) is reducible, vbd= 0, therefore ch∗( f ) ≥ 2− 63 = 0. And,
if sfe≤ 4, then vbd≤ 2, so ch∗( f )≥ 2− 4 · 13 − 2 · 112 > 0.
f is a 7-face. The final charge of f is at least 3−dgs · 12 − (fce+sfe) · 13 −bad · 16 .
According to Corollary 1(v), four dangerous vertices cannot be consecutive on f , hence there
cannot be more than five dangerous vertices on f . Denote by α1,α2, . . . ,α7 the vertices of f in
clockwise order. Let D be the set of dangerous vertices of f , so dgs = |D|. We shall look at the
final charge of f , regarding its number dgs of dangerous vertices.
dgs= 5: Up to symmetry, D = {α1,α2,α3,α5,α6}. Suppose first that α5 and α6 are not incident
to a same (≤ 4)-face. Then, there can be neither a safe vertex incident to f nor a bad face
adjacent to f , because a safe vertex is not incident to a (≤ 4)-face, and also a bad face is
not adjacent to a (≤ 4)-face. Moreover, by Corollary 1(iii), there is no 3-face adjacent to
f . Therefore, ch∗( f ) ≥ 3− 52 > 0. Now, if α5 and α6 are incident to a same (≤ 4)-face,
then the vertex α4 must be a (≥ 4)-vertex by the reducibility of (L7), and because it is not a
dangerous vertex. Hence, there is no safe vertex and no bad face adjacent to f , so its charge is
ch∗( f )≥ 3− 52 − 13 > 0.
dgs= 4: We consider several subcases, according to the relative position of the dangerous vertices
on f . Recall that, by Corollary 1(v), there are at most three consecutive dangerous vertices.
Without loss of generality, we only need to consider the following three possibilities:
D = {α1,α2,α3,α5}: The charge of f is ch∗( f ) = 1− (fce+sfe) · 13 −bad · 16 . Moreover,
sfe ≤ 2, bad ≤ 1 and fce+ sfe ≤ 3 by Corollary 1(iii) and because a safe vertex is
not incident to a (≤ 4)-face. So, ch∗( f ) is negative if and only if sfe = 2,bad= 1 and
fce= 1. But in this case, the obtained configuration is (L8), which is reducible.
D = {α1,α2,α4,α5}: As a bad face is neither adjacent to a (≤ 4)-face nor incident to a
dangerous vertex, we get bad ≤ 1. Observe also that, as α3 is not dangerous, it has
degree at least four by the reducibility of (L7) and (L11). Thus, sfe ≤ 2. Suppose
first that bad = 1, then sfe is one or two. According to the reducibility of (L10), we
infer sfe+ fce ≤ 2. Hence, ch∗( f ) ≥ 3− 4 · 12 − 2 · 13 − 16 > 0. Suppose now that
bad = 0. We have fce ≤ 3 and sfe ≤ 2. If fce = 3 then sfe = 0, and if fce = 2,
then sfe ≤ 1 according to the reducibility of (L12). So, fce+ sfe ≤ 3. Therefore,
ch∗( f ) ≥ 3− 4 · 12 − (fce+sfe) · 13 ≥ 0.
D = {α1,α2,α4,α6}: In this case, there is no bad face adjacent to f . Furthermore, by
Corollary 1(iii), fce ≤ 3 and sfe ≤ 2, as the dangerous vertices α4 and α6 prevent
at least one non-dangerous vertex from being safe. Observe that fce+ sfe 6= 5 since
otherwise it would contradict the reducibility of (L13). According to the reducibility of
(L13), if fce+sfe= 4 then fce= 3 and no two 3-faces have a common vertex. Hence,
the obtained configuration is isomorphic to (L14) or (L15), which are both reducible.
So, fce+sfe≤ 3 and thus ch∗( f )≥ 3− 2− (fce+sfe) · 13 ≥ 0.
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dgs = 3: Again, we consider several subcases according to the relative position of the dangerous
vertices on f .
D = {α1,α2,α3}: Then fce+ sfe ≤ 3 by Corollary 1(iii), and bad ≤ 2. Thus, ch∗( f ) ≥
3− 3 · 12 − 3 ·
1
3 − 2 ·
1
6 > 0.
D = {α1,α2,α4}: Then, fce ≤ 4. We shall now examine the situation according to each
possible value of fce.
fce= 4: Necessarily, sfe≤ 1 and bad= 0. Now, if sfe= 0, then ch∗( f )≥ 3−3 · 12 −
4 · 13 > 0. And, if sfe= 1, then the safe vertex must be α3. Moreover, α5 must be a
(≥ 5)-vertex because (L9) is reducible. Hence, f is incident to α5 between two 3-
faces, so by Rule R5 the vertex α5 gives 23 to f . Thus, ch∗( f )≥ 3−3 · 12 −5 · 13 + 23 >
0.
fce = 3: Suppose first that one of the dangerous vertices is incident to a 4-face. Nec-
essarily, sfe≤ 1 and bad≤ 1. Thus, ch∗( f ) ≥ 3− 3 · 12 − 4 · 13 − 112 = 0.
Suppose now that no dangerous vertex is incident to a 4-face. In particular, sfe≤ 2.
If sfe = 2 then the obtained configuration contradicts the reducibility of (L19).
Hence, sfe≤ 1 and bad≤ 1. Therefore, ch∗( f ) ≥ 3− 3 · 12 − 4 · 13 − 16 = 0.
fce = 2: We shall prove that sfe ≤ 2. This is clear if α1 and α2 are not incident to a
same 3-face. So, we may assume that the edge α1α2 lies on a 3-face. But then we
obtain the inequality due to the reducibility of (L19) and (L20). Using Corollary 1(i)
and sfe≤ 2, we infer that bad≤ 1. Hence, ch∗( f ) ≥ 3− 3 · 12 − 4 · 13 − 16 = 0.
fce= 1: Then sfe≤ 3 and bad≤ 2. If sfe= 3 and bad= 2, the obtained configuration
contradicts the reducibility (L20) or (L21). So, ch∗( f )≥ 3− 3 · 12 − 4 · 13 − 16 = 0.
fce= 0: Again, sfe≤ 3 and bad≤ 2, so ch∗( f ) ≥ 3− 3 · 12 − 3 · 13 − 2 · 16 > 0.
D = {α1,α2,α5}: As in the previous case, fce ≤ 4 and we look at all the possible cases
according to the value of fce. Since a bad face is not incident to a dangerous vertex,
notice that only edges α3α4 and α6α7 can be incident to a bad face. In particular, bad≤
2.
fce= 4: In this case, sfe= 0 and bad= 0. Therefore, ch∗( f ) = 3− 3 · 12 − 4 · 13 > 0.
fce = 3: If one of the dangerous vertices is incident to a 4-face then sfe = 0, hence
bad= 0. Thus, ch∗( f ) ≥ 3− 3 · 12 − 3 · 13 ≥ 0. So now, we infer that sfe cannot be
2, otherwise it would contradict the reducibility of (L16). Therefore, sfe is at most
one, and so bad≤ 1 by Corollary 1(i). Thus, ch∗( f ) ≥ 3− 3 · 12 − 4 · 13 − 16 = 0.
fce = 2: According to the reducibility of (L16) and (L17), sfe ≤ 2. As ch∗( f ) =
3− 3 · 12 − (fce+sfe) ·
1
3 − bad ·
1
6 , we deduce ch
∗( f ) < 0 if and only if sfe = 2
and bad= 2. In this case, the obtained configuration is (L18), which is reducible.
fce = 1: Because (L16) and (L17) are reducible, sfe ≤ 2. So, ch∗( f ) ≥ 3− 3 · 12 −
3 · 13 − 2 ·
1
6 > 0.
fce= 0: Then sfe≤ 3, and so ch∗( f )≥ 3− 3 · 32 − 3 · 13 − 2 · 16 > 0.
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D = {α1,α3,α5}: In this case, sfe≤ 2 since a safe vertex is not incident to a (≤ 4)-face, and
bad≤ 1, since a bad face cannot be incident to a dangerous vertex. Moreover, fce≤ 4.
Let us examine the possible cases regarding the value of fce.
fce= 4: Observe that sfe≤ 1 and bad= 0. Note also one of α2,α3,α6,α7 is adjacent
to a dangerous vertex, and incident to f between two triangles. Hence, by the re-
ducibility of (L9), it has degree at least five, and by Rule R5, it sends 23 to f . Thus,
ch∗( f ) ≥ 3− 3 · 12 − 5 · 13 + 23 > 0.
fce = 3: If sfe ≤ 1 then ch∗( f ) ≥ 3− 3 · 12 − 4 · 13 − 16 = 0. And, if sfe= 2 then, up
to symmetry, the two safe vertices are either α6 and α7, or α2 and α6. In the former
case, one of α2,α4 is incident to f at the intersection of two 3-faces. Furthermore,
it must be a (≥ 5)-vertex due to the reducibility of (L9). In the latter case, the same
holds for α4 due to the reducibility of (L9). Hence, in both cases the face f receives
2/3 from one of its incident vertices by Rule R5. Recall that bad≤ 1, and therefore,
ch∗( f ) ≥ 3− 3 · 12 − 5 · 13 − 2 · 16 + 23 > 0.
fce≤ 2: As sfe≤ 2 and bad≤ 1, we infer that ch∗( f )≥ 3− 3 · 12 − 4 · 13 − 16 = 0.
dgs= 2: Again, we consider several subcases, regarding the position of the dangerous vertices on
f .
D = {α1,α2}: Observe that bad≤ 3, and according to Corollary 1(iii), fce+sfe≤ 6. We
consider three cases, according to the value of fce+sfe.
fce+sfe= 6: All the vertices incident to f have degree three, and f is adjacent to a
3-face. Thus, by Corollary 1(ii), f is not adjacent to any (≤ 6)-face. In particular,
no bad face is adjacent to f , i.e. bad= 0. Hence, ch∗( f )≥ 3− 1− 6 · 13 = 0.
fce+sfe= 5: If bad≤ 2, then ch∗( f )≥ 3−1−5 · 13 −2 · 16 = 0. Otherwise, bad= 3.
Note that the edge α1α2 must be incident to a (≤ 4)-face. If this face is of size four,
then we obtain configuration (L22). Suppose now that this face is of size three.
Since there is no three consecutive bad faces around f , we can assume that each
of the edges α3α4 and α6α7 lies on a bad face. By the reducibility of (L18), we
conclude that α3 and α7 have degree at least four. But then, fce+sfe< 5.
fce+sfe≤ 4: In this case, ch∗( f )≥ 3− 1− 4 · 13 − 3 · 16 > 0.
D = {α1,α3} or D = {α1,α4}: Again fce+sfe≤ 6, and we consider two cases regarding
the value of fce+sfe. Since a bad face is not incident to a dangerous vertex, we infer
that bad≤ 3.
fce+sfe= 6: Suppose first that D = {α1,α3}. Let P1 =α1α2α3 and P2 =α3α4α5α6α7α1.
In order to assure fce+sfe= 6, observe that all edges of P1 are incident to 3-faces
and all inner vertices of P2 are safe, or vice-versa. Thus, α2 or α4 is a (≥ 5)-
vertex by the reducibility of (L9). Hence, it gives 23 to f by Rule R5. Therefore,
ch∗( f ) ≥ 3− 2 · 12 − 6 · 13 − 3 · 16 + 23 > 0.
Suppose now that D = {α1,α4}. Similarly as above, one can show that α2 or α5 is
a (≥ 5)-vertex that donates 23 to f . Hence, ch∗( f ) ≥ 3− 2 · 12 − 6 · 13 − 36 + 23 > 0.
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fce+sfe≤ 5: Notice that bad≤ 2. Therefore, ch∗( f )≥ 3− 2 · 12 − 5 · 13 − 2 · 16 = 0.
dgs= 1: Then fce+sfe≤ 6 and, by Corollary 1(i), we infer that bad≤ 3. So, ch∗( f )≥ 3− 12 −
6 · 13 − 3 ·
1
6 = 0.
dgs= 0: By Corollary 1(i), fce+sfe≤ 7 and bad≤ 4. So, ch∗( f )≥ 3− 7 · 13 − 4 · 16 = 0.
f is an 8-face. Because (L4) and (L23) are reducible, there cannot be three consecutive dangerous
vertices on f . Hence, dgs≤ 5. Denote by αi, i∈ {1,2, . . . ,8}, the vertices incident to f in clockwise
order, and let D be the set of dangerous vertices incident to f .
dgs= 5: Up to symmetry, D = {α1,α2,α4,α5,α7}. Since a bad face is not incident to a dangerous
vertex, necessarily bad= 0. For i ∈ {1,4}, denote by fi the face adjacent to f and incident to
both αi and αi+1. Since (L24) is reducible, at most one of f1 and f4 is a 3-face. Furthermore,
at most two of α3,α6,α8 can be safe vertices, since at least one of α6,α8 is a (≥ 4)-vertex.
Therefore, fce≤ 2, sfe≤ 2 and so, ch∗( f )≥ 4− 5 · 12 − 4 · 13 > 0.
dgs = 4: Up to symmetry, the set of dangerous vertices is {α1,α2,α4,α5}, {α1,α2,α5,α6},
{α1,α2,α4,α6}, {α1,α2,α4,α7} or {α1,α3,α5,α7}. In any case, bad≤ 2 and fce+sfe≤ 5.
Hence, ch∗( f ) ≥ 4− 42 − 53 − 26 = 0.
dgs= 3: Then, fce+sfe≤ 6 and bad≤ 3. So, ch∗( f )≥ 4− 32 − 63 − 36 = 0.
dgs= 2: Then, fce+sfe≤ 7, and by Corollary 1(i), bad≤ 4. Thus, ch∗( f )≥ 4− 22 − 73 − 46 = 0.
dgs= 1: Again, fce+sfe≤ 7 and bad≤ 4, so ch∗( f ) ≥ 4− 12 − 73 − 46 > 0.
dgs= 0: By Corollary 1(i), bad≤ 5. So, ch∗( f )≤ 4− 83 − 56 > 0.
f is a (≥ 9)-face. Let f be a k-face with k ≥ 9, and denote by u1,u2, . . . ,udgs the dangerous
vertices on f in clockwise order. Denote by fi the (≤ 4)-face incident to ui. The facial segment
P = uiw1w2 . . .w jui+1 of f between ui and ui+1 (in clockwise order) is of one of the five following
types:
(a) if j ≥ 1, w1 is not incident to fi and w j is not incident to fi+1;
(b) if j ≥ 1, w1 is incident to fi and w j is incident to fi+1;
(c) if j ≥ 1 and not of type (a) or (b);
(d) if j = 0 and both fi and fi+1 are the same 3-face; and
(e) if j = 0 and not of type (d).
We denote by α the number of paths of type (a), β the number of paths of type (b), γ the number
of paths of type (c), δ the number of paths of type (d) and ε the number of paths of type (e). Note
that a path of type (d) or (e) is of length one. Observe that the following holds:
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Claim 1 α+β+ γ+ δ+ ε= dgs.
We now bound the number of safe vertices and 3-faces.
Claim 2 fce+sfe≤ k−α− γ− ε.
For each ℓ-path P of type (a),(c) or (e) the number of safe vertices on P plus the number of 3-faces
which share an edge with P is at most ℓ− 1. Indeed, for any path of one of these types, there are at
most ℓ faces different from f and incident to an edge of the path, but at least one of them is not a
(≤ 4)-face. There are ℓ− 1 vertices on the path, so at most ℓ− 1 safe vertices. Furthermore, every
(≤ 4)-face prevents at least one vertex from being safe. Observe also that an ℓ-path of type (b) or
(d) contributes for at most ℓ, which thus yields Claim 2.
We distinguish two kinds of paths of type (e): a path of type (e) is of type (e0) if its edge is
not incident to a 4-face. Otherwise, it is of type (e1). Let εi be the number of paths of type (ei),
i ∈ {0,1}.
Claim 3 bad≤ k− 2dgs+ δ+ ε1.
First, remark that each dangerous vertex prevents its two incident edges on f from belonging to a
bad face, since no bad face is incident to a dangerous vertex. By the reducibility of (L23), there
cannot be three consecutive dangerous vertices on f , so it only remains to consider two consecutive
dangerous vertices, i.e. paths of type (d) or (e). A path of type (d) or (e1) prevents exactly three
edges of f from being incident to a bad face. Every 1-path of type (e0) prevents at least four edges
of f from being incident to a bad face. To see this, consider a path u1u2u3u4u5u6, where u2u3 is a
1-path of type (e0). Clearly, none of u1u2,u2u3,u3u4 is incident to a bad face. We claim that at least
one of u4u5,u5u6 is not incident to a bad face. Otherwise, if u4u5 is incident to a bad face, then by
Lemma 2(iii), u4 must be a (≥ 4)-vertex. Hence, by Corollary 1(i), u5u6 is not incident to a bad
face. As no three dangerous vertices are consecutive of f , this proves Claim 3.
Claim 4 α−β+ ε0 = δ+ ε1.
Associate each dangerous vertex ui with its incident (≤ 4)-face fi. Each path of type (a) contains
no face fi, so does each path of type (e0); each path of type (c) contains exactly one face fi, and
each path of type (b),(d) or (e1) contains exactly two faces fi (where a face is counted with its
multiplicity, i.e. once for each dangerous vertex of f incident to it). So, dgs= γ+2(β+δ+ε1), and
hence α+β+ γ+ δ+ ε= γ+ 2(β+ δ+ ε1), which gives Claim 4.
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So, by Claims 1–4, we get
ch∗( f ) = k− 4−dgs · 1
2
− (fce+sfe) ·
1
3 −bad ·
1
6
≥ k− 4− dgs
2
−
k−α− γ− ε
3 −
k− 2dgs+ δ+ ε1
6
=
k
2
− 4−
dgs
6 +
α+ γ+ ε0
3 +
ε1 − δ
6
=
k
2
− 4+ (α−β+ ε0)+ γ6 −
δ
3
=
k
2
− 4+ δ+ ε1 + γ6 −
δ
3
≥
k
2
− 4− δ6 .
According to Corollary 1(iii) and the reducibility of (L24), there are at least two vertices between
any two paths of type (d). So, δ ≤ k4 . Therefore, one can conclude that
ch∗( f ) ≥ k
2
−
k
24
− 4 = 11
24
k− 4 ≥ 99
24
− 4 > 0.
References
[1] K. Appel and W. Haken. Every planar map is four colorable, volume 98 of Contemporary
Mathematics. American Mathematical Society, Providence, RI, 1989. With the collaboration
of J. Koch.
[2] O. V. Borodin. Criterion of chromaticity of a degree prescription (in Russian). In Abstracts of
IV All-Union Conf. on Theoretical Cybernetics (Novosibirsk), pages 127–128, 1977.
[3] O. V. Borodin. Solution of the Ringel problem on vertex-face coloring of planar graphs and
coloring of 1-planar graphs. Metody Diskret. Analiz., 41:12–26, 108, 1984.
[4] O. V. Borodin. Cyclic coloring of plane graphs. Discrete Math., 100(1-3):281–289, 1992.
Special volume to mark the centennial of Julius Petersen’s “Die Theorie der regulären Graphs”,
Part I.
[5] O. V. Borodin. A new proof of the 6 color theorem. J. Graph Theory, 19(4):507–521, 1995.
[6] O. V. Borodin, D. P. Sanders, and Y. Zhao. On cyclic colorings and their generalizations.
Discrete Math., 203(1-3):23–40, 1999.
[7] Z. Dvorˇák, R. Škrekovski, and M. Tancer. List-colouring squares of sparse subcubic graphs.
Technical Report IMFM-(2005)-PS-985, University of Ljubljana, Slovenia, 2005.
INRIA
3-facial colouring of plane graphs 23
[8] P. Erdo˝s, A. L. Rubin, and H. Taylor. Choosability in graphs. In Proceedings of the West Coast
Conference on Combinatorics, Graph Theory and Computing (Humboldt State Univ., Arcata,
Calif., 1979), Congress. Numer., XXVI, pages 125–157, Winnipeg, Man., 1980. Utilitas Math.
[9] M. Hornˇák and S. Jendro ’l. On some properties of 4-regular plane graphs. J. Graph Theory,
20(2):163–175, 1995.
[10] T. R. Jensen and B. Toft. Graph coloring problems. Wiley-Interscience Series in Discrete Math-
ematics and Optimization. John Wiley & Sons, Inc., New-York, 1995. A wiley-Interscience
Publication.
[11] D. Krá ’l, T. Madaras, and R. Škrekovski. Cyclic, diagonal and facial colorings. European J.
Combin., 26(3-4):473–490, 2005.
[12] Ø. Ore and M. D. Plummer. Cyclic coloration of plane graphs. In Recent Progress in Com-
binatorics (Proc. Third Waterloo Conf. on Combinatorics, 1968), pages 287–293. Academic
Press, New-York, 1969.
[13] D. P. Sanders and Y. Zhao. On d-diagonal colorings. J. Graph Theory, 22(2):155–166, 1996.
[14] D. P. Sanders and Y. Zhao. On d-diagonal colorings of embedded graphs of low maximum face
size. Graphs Combin., 14(1):81–94, 1998.
[15] D. P. Sanders and Y. Zhao. A new bound on the cyclic chromatic number. J. Combin. Theory
Ser. B, 83(1):102–111, 2001.
[16] C. Thomassen. Color-critical graphs on a fixed surface. J. Combin. Theory Ser. B, 70(1):67–
100, 1997.
RR n° 0123456789
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr
ISSN 0249-6399


